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We have studied superconducting coplanar-waveguide (CPW) resonators fabricated from disor-
dered (granular) films of Aluminum. Very high kinetic inductance of these films, inherent to disor-
dered materials, allows us to implement ultra-short (200 µm at a 5GHz resonance frequency) and
high-impedance (up to 5 kΩ) half-wavelength resonators. We have shown that the intrinsic losses in
these resonators at temperatures . 250 mK are limited by resonator coupling to two-level systems in
the environment. The demonstrated internal quality factors are comparable with those for CPW res-
onators made of conventional superconductors. High kinetic inductance and well-understood losses
make these disordered Aluminum resonators promising for a wide range of microwave applications
which include kinetic inductance photon detectors and superconducting quantum circuits.
I. INTRODUCTION
The development of novel quantum circuits for infor-
mation processing requires the implementation of ultra-
low-loss microwave resonators with small dimensions
[1]. Superconducting resonators have become ubiquitous
parts of high-performance superconducting qubits [2, 3]
and kinetic-inductance photon detectors [4]. An impor-
tant resource for resonator miniaturization is the kinetic
inductance of superconductors, LK , which can exceed the
magnetic (”geometrical”) inductance by orders of magni-
tude in narrow and thin superconducting films [4]. High
kinetic inductance translates into a high impedance Z
of the microwave (MW) elements, slow propagation of
electromagnetic waves, and small dimensions of the MW
resonators. Ultra-narrow wires and thin films of Nb and
NbN [4, 6], TiN [7], InOx[8, 9], and granular Al [10] were
studied recently as candidates for high-LK applications.
Research in high-LK elements also has an important
fundamental aspect. According to the Mattis-Bardeen
(MB) theory [8], the kinetic inductance of a thin super-
conducting film LK(T = 0) is proportional to the re-
sistance of the film in the normal state, RN , and thus
increases with disorder. This theory, however, cannot
be directly applied to strongly disordered superconduc-
tors near the disorder-driven superconductor-to-insulator
transition (SIT). Recent theories predict a rapid decrease
of the superfluid density near the SIT and the emer-
gence of sub-gap delocalized modes that would result in
enhanced dissipation at microwave frequencies [12, 13].
Thus, the study of the electrodynamics of strongly dis-
ordered superconductors may also contribute to a better
understanding of the disorder-driven SIT.
In this Letter, we present a detailed characteriza-
tion of the half-wavelength microwave resonators fabri-
cated from disordered Aluminum films. Our interest in
high-LK films was stimulated by the possibility of fabri-
cation of superinductors (dissipationless elements with
microwave impedance greatly exceeding the resistance
∗ These authors contributed equally to this work.
quantum RQ = h/(2e)
2 [14–16]), and the development
of superinductor-based protected qubits [17]. We have
fabricated resonators with an impedance Z as high as
5 kΩ, ultra-small dimensions and relatively low losses.
The study of the temperature dependences of the res-
onance frequency fr and intrinsic quality factor Qi at
different MW excitation levels allowed us to identify res-
onator coupling to two-level systems in the environment
as the primary dissipation mechanism at T . 250 mK;
at higher temperatures the losses can be attributed to
thermally excited quasiparticles.
II. EXPERIMENTAL DETAILS
The standard method for the fabrication of disordered
Al films is the deposition of Al at a reduced oxygen
pressure [18, 19]. Such films consist of nanoscale grains
(3 − 4 nm in diameter) partially covered by AlOx. We
have fabricated the films by DC magnetron sputtering of
an Al target in the atmosphere of Ar and O2. Typically,
the partial pressures of Ar and O2 were 5 × 10−3 mbar
and (3÷7)×10−5 mbar, respectively (the fabrication de-
tails are provided in the Supplementary Materials [20]).
The films were deposited onto the intrinsic Si substrates
at room temperature. By controlling the deposition rate
and O2 pressure, the resistivity of the studied films can
be tuned between 10−4 Ω·cm and 10−1 Ω·cm; the pa-
rameters of several representative samples are listed in
Table I.
The hybrid microcircuits containing the CPW half-
wavelength resonators coupled to a CPW transmission
line (TL) have been fabricated using e-beam lithogra-
phy. As the first step, the 50-Ω TL was fabricated by
the e-gun deposition of a 140-nm-thick film of pure Al
on a pre-patterned substrate and successive lift-off. The
use of pure Al facilitated the impedance matching with
the MW set-up and reduced the number of spurious reso-
nances (a large number of these resonances is observed if
high-Lk films are used for both the TL and resonator fab-
rication). After the second e-beam lithography, several
half-wavelength disordered Al resonators were fabricated
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2in the openings in the ground plane. Before each metal
deposition, reactive ion etching was used to remove the
e-beam resist residue from the substrate surface. The
width of the central strip of the resonators varied be-
tween 0.5 µm and 10 µm, and the strip-ground distance
was fixed at 4 µm.
For the resonator characterization at ultra-low tem-
peratures, we used a microwave setup developed for
the study of superconducting qubits [16, 20]. The res-
onators were designed with the resonance frequencies
fr ≈ 2−4 GHz, which allowed us to probe the first three
harmonics of the resonators within the setup frequency
range (2÷12) GHz. Different resonance frequencies of the
resonators enabled multiplexing in the transmission mea-
surements. In order to ensure accurate extraction of the
internal quality factor Qi, the resonators were designed
with a coupling quality factor Qc of the same order of
magnitude as Qi.
III. MICROWAVE CHARACTERIZATION
The resonators were characterized using a wide range
of MW power PMW , two-tone (pump-probe) measure-
ments, and time domain measurements. The resonator
parameters fr, Qi, and Qc were found from the simulta-
neous measurements of the amplitude and the phase of
the transmitted signal S21(f) using the procedure de-
scribed in Refs. [2, 3] and Supplementary Materials
[20]. The kinetic inductance LK of the central conduc-
tor of the resonators, which exceeded the magnetic in-
ductance by several orders of magnitude, was calculated
as LK = 1/4f
2
rC (the capacitance C between the res-
onator strip and the ground was obtained in the Sonnet
simulations). The parameters of several representative
resonators are listed in Table I.
The measured sheet kinetic inductance LK ≈ 2 nH/
is similar to that reported for granular Al films in Ref. [23]
and TiN in Ref. [24], and exceeds by a factor-of-2 LK
realized for ultra-thin disordered films of InOx [8, 25].
For the disordered Al films with ρ < 10 mΩ·cm, LK is
in good agreement with the result of the MB theory [8],
LK(T = 0) = ~R/pi∆(0), where ∆(0) is the BCS en-
ergy gap at T = 0 K. Deviations from this behavior, ob-
served for highly disordered film (e.g., resonator #1), will
be discussed in a seperate paper [26]. Very large values of
LK allowed us to realize the characteristic impedance
Z =
√
LK/C as high as 5 kΩ for the resonators with
narrow (w = 0.7 µm) central strips. The speed of prop-
agation of the electromagnetic waves in such resonators
does not exceed 1% of the speed of light in free space; ac-
cordingly, their length is two orders of magnitude smaller
than that for the conventional CPW resonators with the
impedance Z = 50 Ω.
To identify the physical mechanisms of losses in the res-
onators, we measured the dependences of fr and Qi on
the temperature (T = 25÷ 450 mK) and the microwave
power PMW . Below we show that in the case of moder-
ately disordered films (resonators #2− 4), both the dis-
sipation and dispersion at T < 0.25 K can be attributed
to the resonator coupling to the two-level systems (TLS)
in the environment, whereas at higher temperatures they
are controlled by the T dependence of the complex con-
ductivity of superconductors, σ(T ) = σ1(T )− iσ2(T ) [8].
TABLE I. Summary of the measured parameters of AlOx res-
onators
#
w, l, fr, ρ, Tc, LK , Z,
µm µm GHz mΩ·cm K nH
/
 kΩ
1 11.0 1090 2.42 19.2 1.4 2.0 0.6
2 7.4 765 4.05 4.2 1.7 1.2 1.1
3 1.4 445 3.69 4.2 1.7 1.2 2.9
4 0.7 265 3.88 9.9 1.75 2.0 5.0
A. The resonance frequency analysis
We start the data analysis with the temperature de-
pendence of the relative shift of the resonance frequency
δfr(T )/fr0 ≡ [fr(T ) − fr(25mK)]/fr(25mK). Figure
1(a) shows the dependences δfr(T )/fr0 measured for
three resonators (#2 − 4) with different width w. The
low-temperature part of δfr(T )/fr0 is governed by the
T -dependent TLS contribution to the imaginary part of
the complex dielectric permittivity (T ) = 1(T )+i2(T ).
It should be noted that, in contrast to the TLS-related
losses, the frequency shift δfTLSr is expected to be weakly
power-dependent [9]. Indeed, the temperature depen-
dences measured for the different values of PMW almost
coincide; this simplifies the analysis and reduces the num-
ber of fitting parameters. The low-temperature part of
δfTLSr (T ) is well described by the following equation [4]:
δfTLSr (T )
fr0
=
Vfδ0
pi
[
Ψ<
(
1
2
+
1
2pii
hfr
kBT
)
− ln
(
hfr
kBT
)]
.
(1)
Here Ψ<(x) is the real part of the complex digamma func-
tion, the TLS participation ratio Vf is the energy stored
in the TLS-occupied volume normalized by the total en-
ergy in the resonator, and the loss tangent δ0 charac-
terizes the TLS-induced microwave loss in weak electric
fields at low temperatures kBT  hfr. The product
Vfδ0 is the only fitting parameter, its values are listed
in Table II. The obtained values of Vfδ0 are close to
that found for Al-based [9] and AlOx-based resonators
[24, 28]. Note that resonator #4 demonstrates the most
pronounced increase of fr(T ) with temperature due to
the stronger electric fields and a larger participation ra-
tio characteristic of the high-Z resonators [29].
At T > 0.25 K, fr rapidly drops due to the decrease of
the superfluid density. The dependences δfr(T ) over the
whole studied T range can be described as
δfr(T )/fr0 = δf
TLS
r (T )/fr0 + δf
MB
r (T )/fr0 (2)
3FIG. 1. The temperature dependences of resonance frequency shift δfTLSr (T )/fr0 (a) and the internal quality factor Qi (b) for
the resonators #2−4 measured at n¯ ≈ 1(5) and n¯ 1(4). The fitting curves correspond to Eq. (2) and Eq. (7), respectively.
where
δfMBr (T )
fr0
=
1
2
[
σ2(T )− σ2(25mK)
σ2(25mK)
]
(3)
is the resonance shift due to the T -induced break of
Cooper pairs and subsequent increase of the kinetic in-
ductance, calculated in the thin film limit [9]. The only
free parameter in δfMBr (T )/fr0 is the gap energy ∆(0),
which can be found by fitting of the high-T portion of
δfr(T )/fr0 [Eq. (2)]; the measured ratio ∆(0)/Tc is
about 10% greater than the BCS value of 1.76kB , which
is consistent with previously reported data [30].
B. The quality factor analysis
We now proceed with the analyses of losses. We
observed the enhancement of the internal quality fac-
tor Qi with increasing the average number of photons
in the resonators, n¯ = 2PMWQ
2
l /(Qchf
2
r ) [31], where
Ql = (1/Qi + 1/QC)
−1 is the loaded quality factor. The
dependences Qi(n¯) for three resonators with different w
measured at the base temperature ≈ 25 mK are shown in
Fig. 2. Similar behavior of Qi(n¯) have been observed for
many types of CPW superconducting resonators (see, e.g.
[4, 32] and references therein), including the resonators
based on disordered Al films [10, 23]. Note that the in-
crease of Qi with the input MW power PMW is limited
by the resonance distortion by bifurcation at PMW > P∗.
For the resonators with Ql & 104 the onset of bifurcation
is observed for the microwave currents I∗ =
√
2P∗/Z
which scale approximately as Idp/
√
Ql [33], where Idp
is the Ginzburg-Landau depairing current in the central
strip [20].
The power-dependent intrinsic losses can be attributed
to the resonator coupling to the TLS with the Lorentzian-
shaped distribution
g(ETLS) ∼ 1
(ETLS − hfr)2 + (~/τ2)2 , (4)
where ETLS is the energy of TLS and τ2 is its dephasing
time [34]. Once the MW power PMW reaches some char-
acteristic level Pc and the Rabi frequency of the driven
TLS ΩR ∼
√
PMW exceeds the relaxation rate 1/
√
τ1τ2,
the population of the excited TLS increases, and the
amount of energy that the TLS with fTLS ≈ fr can ab-
sorb from the resonator decreases. Thus, the high PMW
”burns the hole” in the density of states (DoS) of dis-
sipative TLS. The width of the ”hole” is κ/2piτ2, the
power-dependent factor can be written as
κ =
√
1 +
(
n¯
nc
)β
, (5)
where n¯ and nc correspond to PMW and Pc, respectively.
Note that the exponent β is known to be dependent on
the electric field distribution in a resonator [35], and the
characteristic power nc increases with temperature by or-
ders of magnitude due to a strong T -dependence of τ1 and
τ2 [36]. Taking into account the TLS saturation at high
4FIG. 2. The dependences Qi(n¯) at T ≈ 25 mK for the res-
onators with different widths. Solid curves represent the the-
oretical fits of the quality factor governed by TLS losses [Eq.
(5), see the text for details].
temperature, the power dependence of the TLS-related
part of the loss tangent can be expressed as follows [29]:
δTLS(n¯, T ) =
Vfδ0
κ
tanh
(
hfr
2kBT
)
. (6)
By fitting the experimental data with Eq. (6) we found
β and nc, the obtained parameters are listed in Table
II. We found that larger values of β correspond to wide
strips, and the extracted nc scales as the square of the
electric field on the surface of the resonator. The details
of the fitting procedure can be found in Supplementary
Materials [20].
The experimental dependences Qi(T ) measured for
resonators #2 − 4 at n¯ w 1 and n¯  1 [Fig. 1(b)] are
well described by the sum of the TLS contribution [Eq.
(6)] and the MB term δMB = σ1(T )/σ2(T ) [9]:
Qi(T ) = {δTLS(T, β, nc, Vfδ0) + δMB [T,∆(0)]}−1. (7)
The agreement of measured Qi with the prediction of Eq.
(7) over the whole measured temperature range proves
that the losses in the developed resonators are limited by
the sum of TLS and MB terms.
C. The two-tone and time-domain measurements
We obtained an additional information on the TLS-
related dissipation by performing the pump-probe exper-
iments in which Qi was measured at a low-power (n w 1)
probe signal while the power Pp of the pump signal at the
frequency fp was varied over a wide range. Figure 3(a)
shows the dependences Qi(Pp) measured at different de-
tuning values ∆f = fp−fr = 0, ±1 MHz, and ±10 MHz.
Note that we have not observed any changes in Qi when
the pump signal was applied at the second and third har-
monics of the resonator. Also, Qi was Pp-independent
TABLE II. Summary of the fitting parameters
# ∆(0)/kBTc β Vfδ0 · 10−4 nc(0) ·10−3
2 1.96 0.60 1.4 50
3 1.98 0.55 4.8 1.6
4 1.88 0.38 6.7 0.23
when we monitored the second harmonic and applied the
pump signal at the first harmonic.
Since the resonator coupling to the pump signal varies
by several orders of magnitude within the detuning range
0÷10 MHz, it is more informative to analyzeQi as a func-
tion of the average number of the ”pump” photons in the
resonator, n¯p = Pp(1−|S21(fp)|2−|S11(fp)|2)/hf2p , where
S21 and S11 = 1−S21 are the transmission and reflection
amplitudes at the pump frequency, respectively. The de-
pendence Qi on the detuning ∆f for a fixed n¯p ≈ 1000 is
depicted in Fig. 3(b). The resonance behavior of Qi(∆f)
is expected since only a narrow TLS band [Eq. (4)] con-
tributes to dissipation: the ”hole” extension in the DoS
is limited by ∼ κ/τ2 around the pump frequency. Indeed,
using the approach developed in [37], one can obtain the
following expression:
Qi(∆) = Q0
[
1 +
(κ/2piτ2)
2
∆f2 + κ(1/2piτ2)2
]
, (8)
where Q0 is the off-resonance quality factor, and in-
troduced by Eq. (5) factor κ might be calculated as
κ = Qmax/Q0. The dephasing time is the only fitting
parameter and it is found to be τ2 ≈ 60 ns. This re-
sult agrees with the measurements of the dephasing time
for individual TLS in amorphous Al2O3 tunnel barrier in
Josephson junctions [38].
By application of the MW pulses at the pump fre-
quency, we observed that the characteristic time at which
Qi varies with Pp does not exceed 36 ms (see Supplemen-
tary Materials [20] for details). For several resonators we
have observed the telegraph noise in the resonance fre-
quency on the time scale of 1 − 10 s. This noise can be
attributed to interactions of the resonators with a small
number of strongly coupled TLS.
IV. SUMMARY
In conclusion, we have fabricated CPW half-
wavelength resonators made of strongly disordered Al
films. Because of the very high kinetic inductance of
these films, we were able to significantly reduce the length
of these resonators, down to ∼ 1% of that of conven-
tional CPW resonators with a 50 Ω impedance. Due to
ultra-small dimensions and relatively low losses at mK
temperatures, these resonators are promising for the use
in quantum superconducting circuits operating at ultra-
low temperatures, especially for the applications that re-
quire numerous resonators, such as multi-pixel MKIDs
5FIG. 3. (a) The dependences of Qi for resonator #1 on the pump tone power Pp for several values of detuning ∆f between
resonance and pump frequencies. (b) The values of Qi measured versus detuning ∆f at a fixed number of the pump tone
photons in the resonator n¯p ≈ 1000.
[4, 33]. The high impedance Z =
√
LK/C of the nar-
row resonators can be used for effective coupling of spin
qubits [39, 40]. The high resonator impedance imposes
limitations on the strength of resonator coupling to the
transmission line. For the studied CPW resonators with
Z ∼ 5 kΩ, the strongest realized coupling (when half of
the resonator length was used as the element of capac-
itive coupling to the transmission line) corresponded to
Qc ∼ 104. On the other hand, for many applications,
such as large MKID arrays that require a high loaded Q
factor, this should not be a limitation.
We have shown that the main source of losses in these
resonators at T  Tc is the coupling to the resonant two-
level systems. A comparison of our results with those of
the other groups shows that the obtained Qi values, in-
creasing from (1÷2)×104 in the single-photon regime to
3×105 at high microwave power, are typical for the CPW
superconducting resonators with similar TLS participa-
tion ratios. This implies that the disorder in Al films does
not introduce any additional, anomalous losses. Most
likely, the relevant TLS are located near the edges of the
central resonator strip either in the native oxide on the
Si substrate surface or in the amorphous oxide covering
the films. Further increase of Qi can be achieved by
the methods aimed at the reduction of surface participa-
tion, such as substrate trenching (see [41] and references
within) and increasing the gap between the center con-
ductor and the ground plane [35]. The evidence for that
was provided by the results of Ref. [23] obtained for the
modified three-dimensional microstrip structures based
on disordered Al films. It is also worth mentioning that
the losses can be reduced using TLS saturation by the
microwave signal outside of the resonator bandwidth but
within the TLS spectral diffusion range. A fundamental
issue pertinent to all strongly disordered superconduc-
tors is the development of a better understanding of the
impedance of superconductors near the disorder-driven
SIT. This issue requires further research, and the mi-
crowave experiments with the resonators made of disor-
dered Al and other disordered materials demonstrating
the SIT may shed light on the nature of this quantum
transition.
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SUPPLEMENTARY MATERIALS
I. FABRICATION OF MICROWAVE
RESONATORS
All microwave (MW) resonators studied in this work
consisted of two parts. First, the 50-Ohm coplanar MW
transmission line was formed on an intrinsic Si substrate
by electron beam deposition of a 140-nm-thick film of
pure Al through a lift-off mask, which comprised of a
300-nm-thick e-beam resist (the top layer) and a 150-nm-
thick copolymer (the bottom layer). After the deposition
of the bilayer resist and its patterning with e-beam lithog-
raphy, the sample was placed in a reactive ion etching
system and etched with 75 mbar O2 plasma at a power
of 30 watts for 30 seconds to remove any resist residue
from the substrate surface. The use of this pure Al trans-
mission line facilitated the impedance matching with the
MW tract and eliminated spurious resonances. After the
second e-beam lithography with alignment precision bet-
ter than 0.5 µm, several half-wavelength disordered Al
resonators were fabricated on the same substrate by re-
active DC magnetron sputtering in a vacuum system with
the base pressure of < 1× 10−6mbar (Fig. S1). The dis-
ordered films were deposited by sputtering of a 6N-purity
Al target onto Si substrates held at room temperature. In
order to improve reproducibility, prior to the disordered
Al deposition the target was pre-cleaned in a pure Ar-
plasma by sputtering at a rate of 0.6 nm/s for 5 minutes.
The reactive DC sputtering of disordered Al was then
initiated by introducing 1 sccm O2 and 115 sccm Ar gas
mixture from two independent feedback-controlled mass
flow meters (MicroTrakTM and SmartTrakTM). During
the sputtering process, typical partial pressures of Ar and
O2 were 5× 10−3 mbar and (3÷ 7)× 10−5 mbar, respec-
tively. After the second lift-off, the chip was installed in
the sample holder by wire bonding.
FIG. S1. (a) Microphotograph of a portion of the half-
wavelength resonator capacitively coupled to the coplanar
waveguide transmission line. Light green - Al ground plane
and the central conductor of the transmission line, green - sil-
icon substrate, black - the central strip of the resonator made
of strongly disordered Al. (b) Several resonators with differ-
ent resonance frequencies coupled to the transmission line.
II. MEASUREMENT SETUP
A. Microwave setup
All measurements were performed in the BlueForsTM
BF-SD250 dilution refrigerator with a base temperature
of ∼25mK. To reduce stray magnetic fields, a µ-metal
shield was installed outside of the cryostat. We used the
microwave measurement setup (Fig. S2) developed for
the research in superconducting qubits; it was described
in our previous publication [S1]. The setup enabled the
resonator testing over a wide range of MW power, includ-
ing the single-photon population regime, the two-tone
(pump-probe) and time domain measurements.
The probe signal at f and the pump signal at fp, gen-
erated by two microwave synthesizers, were coupled to
the input of the cryostat through directional couplers.
Depending on the experiment performed, the pump sig-
nal could be pulsed using an internal RF switch of the
microwave synthesizer. Attenuators and low-pass filters
were installed in the microwave input line to prevent leak-
age of thermal radiation into the resonator. The sig-
nal, after passing the sample, was amplified by a cryo-
genic high-electron mobility transistor (HEMT amplifier
Caltech CITCRYO 1-12, 35 dB gain between 1 and 12
GHz) and two 30dB room-temperature amplifier. Two
cryogenic Pamtech isolators (each provides 18dB isola-
tion between 3 and 12 GHz) were anchored at the base
8FIG. S2. Schematics of the resonator measurement setup
temperature to reduce the 5K noise from the HEMT am-
plifier. The amplified signal was downconverted to the
intermediate frequency (IF) fIF = |f − fLO| ≈ 30MHz
using mixer M1 with the local oscillator signal fLO.
The IF signal was digitized using the card AlazarTech
ATS 9870 at 1GS/s. The magnitude and phase of
the signal S21 was obtained by digital demodulation as
a =
√
(〈a2(t) sin2(2pift)〉+ 〈a2(t) cos2(2pift)〉) and φ =
arctan(〈a2(t) sin2(2pift)〉/〈a2(t) cos2(2pift)〉) − φ0 (here
〈...〉 stands for the time averaging over integer number
of periods, typically 106). The reference phase φ0 was
provided by mixer M2.
FIG. S3. Schematics of the DC setup
B. DC setup
On the same resonator chip, we also patterned Hall
bars to measure critical currents for the disordered Alu-
minum films. The critical currents were measured using
an Arbitrary Waveform Generator (Tektronix AFG3252)
and HP 34401A multimeter (see Fig. S3).
III. THE PROCEDURE OF EXTRACTING THE
QUALITY FACTORS
The magnitude and phase of the transmitted signal
S21 have been used to extract the quality factors Ql,
QC , and Qi and the resonance frequency fr. Typically,
an asymmetry in the coupling of a resonator to the input
and output ports results in deviation of the resonator re-
sponse from a symmetric Lorentzian function [S2]. If the
coupling between the resonator and the transmission line
is weak, the frequency dependence S21(f) near the reso-
nance frequency fr is described by the following equation
[S2, S3]:
S21(f) = ae
iαe−2ipifτ
1− (Ql/|Qc|eiφ)
1 + 2iQl(f/fr − 1) . (9SM)
The phase delay τ can be found from the value of
d[Arg(S21)]/df measured over a range of f away from
the resonance. All other parameters in Eq. (9SM) have
been determined similar to the iteration procedure de-
scribed in Ref. [S3]. We first selected the initial val-
ues of unknown parameters in Eq. (9SM), and ran a
multi-variable nonlinear fitting procedure for the entire
model. The output of the nonlinear fit was used to ob-
tain the final values of unknown parameters and the error
bars. The parameter initialization procedure was as fol-
lows. After elimination of the phase delay e−2ipifτ , the
data S21(f) formed a circle on the IQ-plane [Fig. S4(a)].
The prefactor aeiα corresponds to the center of this cir-
cle. For the normalized circle S∗21 = S21(f)/ae
iα−2ipifτ ,
the angle between the off-resonance points and the I-
axis corresponds to φ, and the circle diameter corre-
sponds to the ratio of Ql/|Qc| [Fig. S4(b)]. Next we
translated S∗21 so that the circle center coincided with
the origin. Ql can then be obtained from fitting the
phase of the translated S∗21, θ, versus frequency with
θ = θ0 + arctan[2Ql(1 − f/fr)] [see Fig. S4(c)]. Fig-
ures S4(d,e) show the experimental data with the result
of fitting.
IV. CRITICAL CURRENTS OF NARROW
DISORDERED FILMS
To calculate the Ginzburg-Landau depairing current
Idp(0) for strongly disordered Al films at T  TC , we
used the equation for the critical supercurrent density
jc = 2/(3
√
3)(e~ns)/(meξ) [S4]. The concentration of
9FIG. S4. Fitting procedure. (a) Blue and red points cor-
respond to the transmission measured before and after the
phase delay is removed, respectively. After removing the
phase delay, the data form a circle on the IQ plane with the
center at aeiα. (b) Normalized transmission S∗21 on the com-
plex plane. The angle between the center of the S∗21 circle and
the real axis corresponds to φ. (c) The phase versus frequency
(blue points) fitted with θ = θ0 + arctan[2Ql(1− f/fr)] (red
curve). (d,e) Measured data (blue points) and the fit with
Eq. (9SM) (red curve).
Cooper pairs ns can be found either from the measured
kinetic inductance per square LK, or from the result
of the Mattis-Bardeen theory LK = me/(2e2nst) =
(~R)/pi∆ where t is the film thickness. The supercur-
rent density is uniform over the cross section of a super-
conducting film provided that the film width W < λ2/t,
where λ is the London penetration length. This condition
is satisfied for all studied films. Thus, one can estimate
Ic as
Idp(0) = jc · (Wt)
=
1
3
√
3
pi∆
eRξ(0)
W
≈ 1.07 kBTc
eRξ(0)
W.
(10SM)
The coherence length ξ(0) can be found from the data
on the upper critical magnetic field for granular Al films,
BC2 ≈ 4T [S5, S6]. This yields an estimate ξ(0) =√
Φ0/(2piBC2) ≈ 10 nm. The data in Table S3 show
that the values of the microwave current I∗ =
√
2P∗/Z,
which corresponds to the onset of strong nonlinearity of
the resonator response, are of the same order of mag-
nitude as the current Idp(0)/
√
Ql corresponding to the
bifurcation threshold.
TABLE S3. Summary of predicted and measured depairing
currents
# Ql · 104 ρ W I∗ Idp(0) I∗Idp/√QlmΩ·cm µm nA µA
1 3.7 19.2 11 90 110.2 0.16
2 1.9 4.2 7.4 240 52.9 0.63
3 3.9 4.2 1.3 30 12.6 0.47
4 8.4 9.9 0.8 20 4.6 1.26
V. DETAILS OF fr(T ) AND Qi(T ) FITTING
To identify the dominant mechanisms of losses in the
studied resonators, we have analyzed the experimental
dependences fr(T ) and Qi(T ) on the basis of the theory
of two-level systems [S7] and the Mattis-Bardeen theory
of the complex impedance of superconductors [S8].
The losses due to the real part of the complex
impedance of superconductors, σ = σ1− iσ2, can be esti-
mated using the Mattis-Bardeen theory. In the thin film
limit [S9]:
δMB(T ) = σ1(T )/σ2(T ),
where
σ1(T ) =
σn
hν
∞∫
∆
[f(E)− f(E + hν)]×
E2 + ∆2 + Ehν√
E2 −∆2√(E + hν)2 −∆2 dE,
(11SM)
σ2(T ) =
σn
hν
∆∫
∆−hν
[1− 2f(E + hν)]×
E2 + ∆2 + Ehν√
E2 −∆2√(E + hν)2 −∆2 dE,
(12SM)
f(E) is Fermi-Dirac distribution function, ∆(0) is the
energy gap. The temperature-dependent shift of the res-
onance frequency fr is given in the main text by Eq. (3).
Since the frequency shift dfr(T ) does not depend on the
MW power, the fitting procedure included the following
steps:
• fitting the dfr(T ) dependence with only two free
parameters: ∆(0) (which controls the behavior of
δfMBr (T ) term at T > 300 mK), and the product
of the participation ratio and the material loss tan-
gent, Vfδ0 (which governs the rising part of dfr(T ));
• finding the index β from the linear part of Qi(n¯) at
T = 25mK plotted on the double-log scale.
• knowing Vfδ0, β,∆(0), one can find the low-
temperature characteristic power (i.e. the number
of photons nc(0)) using Qi(n¯) measured at the base
temperature T = 25mK;
10
• finding nc(T ) by fitting Qi(T ) data for both low
and high values of the input power.
Significant change in the population of the ground and
excited TLS states due to Rabi oscillations is expected at
the average number of photons in the resonator n > nc.
The characteristic value nc ∼ 1/√τ1τφ depends on the
TLS relaxation time τ1(T ) and the dephasing time τϕ(T ).
In agreement with Ref. [S10], where the TLS relaxation
time was shown to be τ1,2 ≈ τ(1 + γT ξ), we found that
the extracted characteristic values of nc depend on the
temperature as nc(T ) = nc(0) + µT
α, α ≈ 2 (Fig. S5).
FIG. S5. The temperature dependences of nc for different
resonators.
VI. SCALING OF Pc(0)
The ground and excited states of TLS become equally
populated when the Rabi oscillation frequency Ω = (d ·
E)/~ exceeds the rate 1/√τ1τφ, or, equivalently, when
the electric field in the TLS-occupied volume exceeds the
critical value Ec ≈ ~/(d√τ1τφ). In order to understand
the variation of the observed characteristic power for dif-
ferent resonators, we considered the dependence of the
maximum electric field near the surface on the resonator
parameters.
The standard way to evaluate the characteristics of
CPW resonators is by the Schwarz-Cristoffel (SC) map-
ping of the coplanar topology to the trivial parallel-plate
capacitor geometry. Let us consider a zero-thickness
CPW with a central strip width 2a and a ground-to-
ground distance 2b. The transfer function for the map-
ping of the upper half-plane to the rectangle is given by
ξ(w) = A
w∫
0
dw′
(w′ − a)(w′ + a)(w′ − b)(w′ + b) . (13SM)
Here A is an integration constant, chosen to be A = 1.
The half-width of the equivalent capacitor are calculated
as
α = ξ(a) =
1
b
1∫
0
dt√
(1− t2)(1− t2k2) ≡
1
b
K(k).
(14SM)
K(k) is also known as the complete elliptic integral of the
first kind, k = a/b. Similarly, the height of the capacitor
is
β =
1
b
1/k∫
0
dt√
(1− t2)(1− t2k2) ≡
1
b
K(
√
1− k2).
(15SM)
The electric field in the ξ-plane for the given voltage V
across the capacitor is uniform and can be easily obtained
as
Eξ =
V
β
=
V
K(
√
1− k2)b. (16SM)
The corresponding field in the w-plane scales with the
factor ξ′(w) = dξ/dw which is
ξ′(w) =
1√
(a2 − w2)(b2 − a2) . (17SM)
Thus, for example, the field strength at the center of
microstrip is
|Ew(w = 0)| = Eξ · ξ′(w = 0) = V
K(
√
1− k2)a. (18SM)
Accordingly, the power in the CPW can be written as
P ∼ V
2
Z
∼ E
2
Z
a2K(
√
1− k2)2. (19SM)
Therefore, we expect that the characteristic power scales
as Pc ∼ (a2K(k′)2)/Z, which is in agreement with the
experimental data.
FIG. S6. The time dependence of Re[S21] measured at T =
25 mK at a fixed frequency on the slope of a resonance dip.
The microwave power corresponds to 〈n〉 ∼ 1000. Each point
corresponds to the data averaging over 1 sec.
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FIG. S7. (a) The pulse sequence. (b) The time dependence
of |S21| measured at f0 = 2.4258 GHz. The pump pulse at
fp = f0 + 1 MHz was applied between t = 0 s and t = 0.5 s.
The pump tone power corresponds to n¯p ≈ 1000. Each data
point was averaged over 4000 cycles with the same readout
delay time. The inset shows CW measurement of S21 versus f
with (red) and without (blue) the pump signal and indicates
the position of f0 used in the relaxation time measurement.
The readout power was at the single photon level for all mea-
surements on this plot.
VII. TELEGRAPH NOISE IN THE
RESONATORS
Interactions between the high-frequency (coherent,
E > kBT ) TLS with the low-frequency (thermal, E <
kBT ) fluctuators result in the TLS spectral diffusion as
well as the flicker noise. The telegraph noise in the reso-
nance frequency fr is expected if some of the TLS with
f ≈ fr are strongly coupled to a resonator. Typical TLS
densities for Al/AlOx junctions are ∼1 (GHz·µm2)−1
[S11]. Interestingly, the number of strongly coupled TLS
for our resonators (assuming that the strongly coupled
TLS are in the oxide layer of the resonator) is of the or-
der of unity [1 (GHz · µm2)−1 × 0.1MHz× 104µm2]. To
study the telegraphy noise, we repetitively measured S21
at a fixed frequency on a slope of the resonance dip for
a few minutes. Figure S6 shows an example of the mea-
sured telegraph noise in Re[S21]. The characteristic time
scale of random switching between two Re[S21] levels is
1-10 seconds.
VIII. PUMP-PROBE MEASUREMENTS OF
THE TLS RELAXATION TIME
We have performed the time domain measurements of
the TLS relaxation time for resonator #1 using the pulse
sequence shown in Fig. S7(a). A 0.5 s-long pump pulse
was applied to the resonator at the beginning of each duty
cycle. A readout pulse at the single-photon power level
lasting for 36 ms followed the pump pulse and was digi-
tized to obtain S21. The readout delay time was varied
between 0 s and 1 s. Figure S7(b) shows the result of the
experiment at the readout frequency f0 = 2.4258 GHz
and the pump frequency fp = f0 + 1 MHz. The change
in |S21(f0)| at t = 0.5 s is consistent with CW measure-
ments at the same readout frequency and power level
when a pump tone was turned on and off. This indicates
that an upper limit of the TLS relaxation time for our
sample is much less than 36 ms.
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